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COMPLETE VECTOR FIELDS ON (C*)’" 


ERIK ANDERSEN 


Abstract. We prove necessary and sufficient conditions for a rational vector 
field on (C*)" to be complete. 


1. Introduction 


This paper has been motivated by the desire to understand the group of holo- 
morphic automorphisms of certain complex manifolds M. In a number of cases the 
group, Aut(M), is known to be a finite dimensional Lie group: this is notably so 
when M is a bounded domain in C" or, more generally, a hyperbolic manifold; or 



dimensional. The case of C" minus m hyperplanes (n < m < 2 n) is subject to 
research by the author. In this paper we take M to be C” minus n hyperplanes 
in general position (n > 2 ). If C* = C \ { 0 }, we can take M to be (C*)". These 
manifolds are known to have infinite dimensional automorphism groups. In the 
case n = 2 we can get automorphisms of (C*)^ by taking an arbitrary holomorphic 
function /, two integers ni,n2 and complex numbers ci,C2 and forming 


( 1 ) 


(zi,Z2) ^ 


Once we observe that this mapping preserves we easily see that it is bijec- 

tive. This verihes the claim that the automorphism groups of (C*)" are infinite 
dimensional. Other automorphisms of (C*)^ are given by 


( 2 ) 


{2:1, ^2) 


(^ail ._a2i 022'! 

^2 » ^1 ^2 b 


where the integers aij satisfy 011022 — 012021 = 1 . It is conjectur ed tha t these 
mappings generate the full automorphism group of (C*)^. Nishimura Nis 92 | proves 
that any automorphism of (C*)^ which extends to and preserves the volume 
form dzi A dz2 is of the form (ffi), with ni = n2 = 1 - He also has results about 
automorphisms of C x C* — see [Nis 86 |. 

Peschl [Pes 56 claimed to have proved that all automorphisms of (C*)^ that 
extend to mappings of preserve the volume form 

dzi A dz 2 
Z1Z2 
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but his proof has been found to be incomplete. Accordingly, there is a conjecture 
that any automorphism of (C*)^ preserves this form. 

An action of C on M is a fam ily {ipt : t S C} of automorphisms of M such that 
4>s o 4>t = ips+t- Suzuki |Suz78 , ^uz77 | has studied actions on a two dimensional 
manifold. He proves among other things that if an action of C on (C*)^ factors 
through an action of C* on (C*)^ then the action is by linear mappings (zi, Z 2 ) > 


(' 


,n2t 


Zi,e 


— nit 


22 )- 


An action is generated by a complete holomorphic vector field. (A holomorphic 
vector field is said to be complete if all integral curves are entire holomorphic func¬ 


tions, see [For9£].) In this paper we give a complete characterization of complete 
holomorphic rational vector fields on (C*)". Such fields can be written 

Zi = ZiPi{z) 


where z = (zi,..., z„) and pi are Laurent polynomials in zi,..., Zn, that is, poly¬ 
nomials in these variables and their inverses. As a corollary, we prove the above 
conjecture for automorphisms coming from such fields. 


2. Preliminaries 


We will need the following elementary facts from Nevanlinna theory (see e.g. 
|Lan871 ). For any meromorphic function of one complex variable /(z) we set 


m(r, f) =- 

^ 27rr 


log+|/(z)||dz|. 


/) = ^ log+ 

f{a)—oo, a^O 

T(r, /) = m{r,f) + N{r, /), 


k log r and 


where k is the order of the pole of / at 0. (fc = 0 if / is regular at 0.) In the 
definition of N, the sum is taken over all poles a of /, with regard to multiplicity. 
The function T{r,f) is called the Nevanlinna characteristic of /. The following 
properties are easily verified. 

T(r, /i + h) < T{r, /i) + T(r, h) + 0(1) 

(3) r(r,/i/ 2 ) <T(r,/i)+T(r,/ 2 ), 

T{r,f)=dT{rJ) (d > 0). 


Here and in the sequel, the estimates 0(g) and o(g) are as r ^ 00 . The first 
fundamental theorem of Nevanlinna theory says that 

r(r,l//)=T(r,/) + 0(l). 

We also have the Lemma of the logarithmic derivative (LLD), 

= Oexci('r(r,/)). 


Here Oexci means that the estimate holds outside a set of finite measure. We also 
use the corresponding notation Oexci- From LLD and the preceding inequalities it 
follows that 


(4) m(r, /('=)) < (1 -F Oexci(l)))'r(r, /) 

(5) w(r,/('=V/) = Oexci(r(r,/)) 


for all positive integers k. 
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3. Borel’s Theorem 


We need a version of a classical theorem of Borel. Since it is generally stated in 
a slightly different form (the function / below is usually 0 or 1 , and the conclusions 
are also slightly different from what we need) I include a complete proof. For Borel’s 
original theorem, see |Bor97||. 


Theorem 1. Let f and ui,... ,Un be entire functions of one variable satisfying 


( 6 ) 


^ = /. 


If ui,... ,Un have no zeros then one of the following cases holds. 

1. T{r,Ui) = Oexci(F(T, /) + 1) for all i. 

2. Some non-empty subsum — 0- 

Proof. The proof is by induction n. If n = 1 then Case 1 holds automatically so 
there is nothing to prove. We assume that the theorem holds for sums with less 
than n terms. 

If two terms in are proportional, say ui = au 2 , we can lump them together 
to get a shorter sum 

(7) (a + l)u 2 + U 3 + • • • + = /. 

If a = —1 then case (2) holds. Otherwise we apply the theorem to this shorter sum 
and whether we get conclusion ( 1 ) or (2) for this sum we get the same conclusion 
for the original sum (^). We therefore assume that there are no proportional terms 
in the sum. 

If we differentiate (|^ we get 
yii) 

= for j = 0 ,. ..,n - 1 

Ui 

t 

This is a linear system for m. Two cases are possible. 

1. det(up^/ui) ^ 0. Then we can solve for m and get 

r(r, Ui) = 0{T{r, /)) + ^ 0(T(r, /u.)) + 0(1) 

3 

= 0{T{r, /)) + ^ Oexci(F(r, m)) + 0(1) 

i 

by LLD. We therefore have Case 1. 

2. det(u-^V'“i) — 0. This means that the Wronskian W{{ui}) = det(up^) = 0. 
The theory of ordinary differential equations now says there are constants Cj 
such that 

( 8 ) ^ CiUi = 0 . 

i 

We choose the shortest possible such sum, that is, the sum with the smallest 
number of non-zero Ci. Possibly after a reordering and a scaling we may 
assume that Ci = —1, so that ui = Om*- Division by ui gives 

'^CiU^/Ul = 1 . 
i>l 


( 9 ) 
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We set Vi = CiUifui and apply the theorem to the expression (^, which has 
less than n terms. There are two cases. 

(a) T{vi,r) = Oexci{T{r, 1 ) + 1 ) = Oexci(l) for all i. Then all Vi are constant 
and CiUi = aiUi for some a^. We assumed that there were no proportional 
terms so this case is excluded. 

(b) EiG/ = 0 for some set I. Then = 0 and this sum is shorter 

than (^). This is a contradiction. □ 


4. Vector fields 


We start with the notation. Let pi be Laurent polynomials and 

(10) = ZiPi{z) i = 1 ,... ,n 

be a vector field on (C*)". Write Pi{Z) = t)e the 

multiplicative group generated by {Z“ : pi^a ^ 0 for some i\. A4 is isomorphic to a 
lattice in Z" under the mapping Z" 3 a G A4. As such it has rank at most n. 

Let rank A4 = m and Wi = JJ for i = 1,..., to be a basis for A4. There are 
Laurent-polynomials fi such that Pi(Z) = fi(W), where W = (Wi,..., Wm)- The 
following theorem tells us when the field is complete. 


Theorem 2. Notation as above, we have two cases. 

1. m = n. Then (1C) is not complete. 

2. m < n. Then (1C) is complete if and only if 


( 11 ) 


Wi=Wiy aijfj{w), i = l,.. 


3 


m 


is complete. 


Proof. We first deal with the case m = n. We assume that (0) is complete and 
want to derive a contradiction. Choose c so that J2aeAPi,aC°‘ ^ 0 for all non-zero 
subpolynomials and all indices i. Let z{t) be the integral curve with z(0) = c. Apply 
Borel’s theorem to J2aPi,a^°‘ ~ Zil^i. Because of our choice of initial condition, 
Case 2 does not hold. We therefore have Case 1 and 


T{r, z°‘) = Oexci(T(r, zjzi) -b 1) = Oexci(T(r, Zij) + 0(1) = Oexci(T(r)) -b 0(1) 

for all a such that pi^a ^ 0, where T(r) = max(r(r, Zi)). It follows from the rules 
(||) that each element u in Ad satisfies T{r,u) = Oexci(T(r)) -b 0(1). Since the 
rank of AI = n, for each i there is an integer di such that Z‘^' G Ai. Therefore, 
T{r) = maxr(r, Zi) = Oexci(T(r)) -b 0(1). This implies T(r, Zi) = Oexci(l) for all i, 
so Zi is constant for each i, and by 0 ), Pi{z) = 0 for all i. This is impossible since 
we chose c = z(0) such that (in particular) Pi{c) ^ 0 for all i. 

We now take the case rankAd < n. Assume first that ( 0 ) is complete. Then Wi 
are entire functions and Zi satisfies 

Zi/z^ = Pt{z) = ft{w) 

The right hand sides are entire functions so integration gives 

z,{t)=e^ 

SO (0 is complete. 
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If dl^ ) is complete, set Wi = These are then entire function and they 

satisfy 

^ =^a,jPj{z) = 

. -2 7 . 

3 3 3 

This is dO) , which is therefore complete. □ 


Corollary 1. All complete rational holomorphic vector Gelds on (C*)” preserve 
the volume form /\ dzijZi. 


Proof. The proof is by induction. We compute 


d dzi dzi Zi — Zi dzi 
dt Zi zf 


d{ziPi{z))zi - ZiPi{z)dzi 


d{pi{z)). 


This shows in particular that the result holds for n = 1. Also, we compute 


d ^ dzi -^dzi d dzi dzn 

— A -=> -A---A--A---A- 

dt ' ' Zi Zl dt Zi Zn 

I I 



Since the field is complete, we have Case 2 of the theorem. We use in particular 
that Pi{z) = fi(w). We have to prove that ^ Zidpijdzi{z) = 0, so we compute 


( 12 ) 



E-E 


dfi dwj 
dwj dzi 


E-E 


^fi ^ji 

- '^3 — 

OWj Zi 


= E 


dfi 

dwi 


E 


dwj 


Wj, 


where {af)j = '^Ujifi. By Theorem I (0) is complete and by the induction 
hypothesis, the last expression is 0. The corollary is proved. □ 


Corollary 2. All complete rational holomorphic vector Gelds on (C*)^ are of form 

ii = zi(a2/(zfyz2^) + Cl) 

^ ^ Z2 = -Z2iaJ{z-^z^^) + C2), 

where f is a Laurent polynomial, 01,02 are integers and ci, C 2 are complex numbers. 
Conversely, all such vector Gelds are complete. 

Proof. We use the notation in the theorem. If the field is complete, we must have 
dimAl = 1, so Vi(Z) = fi(W) for some Laurent polynomial f and some monomial 
W = The field 0 ) becomes 

w = w(aifi(w) + 02 / 2 ( 10 )), 

which is complete if and only if aifi{w) + 02 / 2 ( 10 ) is constant. If we write /i = 
02 / + Cl and fy = —oi/ + C 2 we get the corollary. □ 


Remark . In the same way, we can derive (rather complicated) formulas for the 
complete vector fields on (C*)" for any n. 
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Remark . The analogs of Theorem || and Corollary ^ for non-rational helds are 
false. To get a counterexample, observe that 

ii = 0 
ia = -222:1 

is complete by Corollary |[ Also, the mapping 

21 = 

22 = 

is a bijection of (C*)^ (it is the time 1 flow of the field Ci = C 1 C 2 , C 2 = “CiCl)- If 
we express in the new coordinates we get 

G = ^(26^^^^^= 

6 = -CiC2(l + ClC2)e«^^^ 
which is not of a form corresponding to dil)- 
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